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Secondary nucleation in the potassium sulfate-water system occurs by micro-attrition proc-
esses over the entire 1.3-26 u» size range of this study. Experimental nucleation rates were
correlated with power-law kinetics expressions in terms of supersaturation, the fourth moment
of the parent seed-crystal distribution, and stirring rate. Such kinetics expressions are similar
to those used to correlate MSMPR data; however, the secondary nucleation rates of this paper
are two orders of magnitude greater than those reported in previous MSMPR studies of the
same system. An upper bound on growth rate of these nuclei was calculated based on a popu-
lation balance anaiysis; maximum growth rates of these nuclei was markedly size-dependent in
the 1.3-26 micron size ronge of measurement, decreasing with decreasing size. The apparent
discrepancy between these nucleation rates and MSMPR values can be explained by nuclei
washout during the low growth rate period. Anomalous MSMPR kinetics (low or even negative
supersaturation power-law dependence) can be explained by this growth phenomenon.

In a companion paper (3) the authors describe an ap-
paratus for the direct quantitative measurement of sec-
ondary nucleation in a realistic mixed-magma environ-
ment. Extensive data on the potassium sulfate system
were presented which clearly indicated that potassium
sulfate nucleates at these low supersaturations by collision
breeding or micro attrition mechanisms. The present paper
analyzes these data by several quantitative techniques and
presents correlations describing secondary nucleation rate
in terms of variables characterizing the secondary environ-
ment.

Crystal nucleation has been shown to occur by at least
three separate mechanisms: homogeneous, heterogeneous,
and secondary. Homogeneous nucleation occurs from clear
solutions by molecular driving forces (supersaturation)
while heterogeneous nucleation is stimulated by the pres-
ence of foreign substrates. On the other hand, secondary
nucleation occurs due to the presence of crystals of the
solute phase and commonly occurs at supersaturations
lower than required for homogeneous or heterogeneous
nucleation. Recent work by Clontz and McCabe (4) in-
dicates the likelihood that secondary nucleation mecha-
nisms predominate in continuous mixed-magma crystal-
lizers. In their work, nucleation was made to occur in
slightly supersaturated solutions when crystals were con-
tacted with low energy impacts with glass or metal rods or
with other crystals.

Mason and Strictland-Constable (8) identified three
types of secondary nucleation:

1. Spurious dusting from the surface of dry seed crys-
tals,

2. Breaking-off from seed crystals of dendritic growth
formed at high supersaturations, and

3. Micro-attrition (collision breeding) from large seeds

in the mixed-magma due to crystal-crystal, crystal-vessel,
and crystal-impeller collisions.
Secondary nucleation of the latter type was identified as
the nucleating mechanism for the potassium sulfate sys-
tem in the companion paper (3); quantitative empirical
kinetics correlations for these data are presented here.
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Previously, nucleation kinetics for crystallizers of the
continuous backmixed type have been obtained from anal-
ysis of steady state CSD’s from the MSMPR (Mixed Sus-
pension, Mixed Product Removal) crystallizer (1, 7, 11,
13). Interpretation of such data was made with the well-
known exponential population distribution

BY
n(L) :-—G—exp {— L/G+} (1)

Equation (1) assumes the linear growth rate G to be size-
independent and gives the apparent net nucleation rate B°.
Typically, values for nucleation rate are measured under
different experimental conditions and power-law kinetics
correlations of the type

B® = kn(T, RPM) siMy?  (Class I system) (2)
or

B® = ky(T, RPM) G:My (Class II system) (2a)

are assembled from the data. Even though such kinetic
expression do not elucidate the mechanisms giving rise to
secondary nucleation, they have been found a useful means
of correlating data for prediction of CSD.

Two aspects of MSMPR kinetics will be mentioned here
and discussed later in light of data from the present study.
First, B® values are calculated by extrapolating the mea-
sured CSD of macro-sized crystals back to zero size to
obtain the apparent rate of nucleation. Second, processes
of birth, growth, and washout at very small size are not
measured; values of B? calculated are thus in fact net ap-
parent nucleation rates which eventually populate the
macro size ranges under the conditions of MSMPR opera-
tion. If these conditions are not far removed from commer-
cial practice, conclusions can be drawn concerning the
apparent kinetics of the system and such data are often
quite valuable in predicting large-scale CSD behavior.

The present study measures experimental population
densities in the 1.3-26 micron size range; sizes small
enough that direct observations of secondary nucleation
could be made. Growth, birth, and washout dynamics were
grossly different at these small sizes than for macro-§ized
crystals. Secondary nucleation was of a greater magmtu.de
than, but could be correlated with power-model kinetics
similar to, MSMPR nucleation data.
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EXPERIMENT

Crystal population densities of the potassium sulfate-water
system were measured in the 1.3-26 micron size range in a
modified mixed discharge crystallizer using a multi-channel
high speed automatic Coulter particle counter. The equipment
and experimental data are described in detail elsewhere (2, 3,
12). The essential feature of the crystallizer was a fine-mesh
stainless steel retaining screen which permitted mixed removal
of the fine seed distribution with total retention of macro-sized
seed crystals. The fines distribution in the 1.3-26 micron size
range was sampled in the discharge from the screen with a
modified on-line Coulter sampling cell. Total retention of seed
crystals permitted study of secondary nucleation in the pres-
ence of arbitrary seed distributions and supersaturations with
small retention times and hence fast system response. Unfortu-
nately, total retention of the seed crystals, with their resultant
increase in size and mass, created a slowly changing secondary
nucleation environment; data were analyzed using the dynamic
form of the population balance.

Figure 1 from (3) shows population data of this study. Note
in Figure 1 the ever increasing particle counts as time pro-
gresses due to total retention and growth of the seed crystals.
Typically, supersaturation decreased as the seed bed grew in
mass; thus, size of the seed crystals outweighs supersaturation
in stimulating secondary nuclei. Secondary nucleation increased
dramatically with increases in stirrer RPM, implying that the
size channels are populated at least in part by direct birth as
that size. Crystal populations increased with supersaturation
but this effect was compounded with a more rapid growth to
larger sizes of the retained seeds. Potassium sulfate seed crys-
tals of multi-crystal habit generated larger particle counts than
sced of single-crystal form under approximately equal condi-
tions of seed mass, size, supersaturation, and agitation. Crystal-
lizer temperature was varied while holding feed saturation con-
stant; again, such changes were compounded with the inde-
pendent effects of supersaturation and seed size and mass.

In the present paper, raw population counts as a function
of time and particle size were quantitatively analyzed to ob-
tain estimates of secondary nucleation rate. Nucleation rate
data were then correlated with power-law kinetic expressions
not unlike those previously used to express MSMPR data.

ANALYSIS OF DATA

The starting point in the analysis of these data is the
general population balance (10) given as

”iéi
2
+ B(L) — D(L) (3)

The complexity of this equation can be reduced by con-
sidering that the slurry volume V was maintained essen-
tially constant throughout any one run, that the system

an a(Gn)
—+ +n
at oL

d(lnv)
dt
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Fig. 1. Effect of stirring rate increase on population densities (3).
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was well mixed with mixed withdrawal in the size range
studied, and that background noise counts taken prior to
seeding indicated that the feed stream was free of fine
crystals. The death distribution function of Equation (3)
was neglected as negligible crystal fracture in the 1.3-26
micron size range occurred. However, the birth distribu-
tion term was retained as an expression of the formation
of nuclei by micro-attrition (collision breeding) phenome-
non originating from the larger seed crystals. Thus, Equa-
tion (3) becomes

L R T (4)
at oL 1
Solving Equation (4) for linear crystal growth rate gives
d(lnn 1 oG  B(L
% LT ( : ]
G(L,t) = — i
d(lnn)
aL
(3)

Alternatively, Equation (4) can be solved for the birth
function B(L). Thus
d(ln n) d(Gn) n
B(L) = —_
(L) =n at + oL + T (6)
Equations (4) to (6) contain two unknown functions of
particle size, namely size-dependent growth rate G(L)
and the birth distribution function B(L). Thus, it is pat-
ently impossible to uniquely specify both size-dependent
functions B(L) and G(L) using only the single size de-
pendent measurement n(L), without further simplifying
assumptions or independent measurements. This dilemma
was faced by utilizing two different limiting assumptions
which, however, introduce a degree of arbitrariness in the
definition of nucleation rates calculated from raw popula-
tion counts. These two limiting assumptions are as follows:

Method 1

Birth at a size is assumed zero. Thus B(L) = 0 and
G(L) is calculated from experimental n(L) measurements
using Equation (5). All size ranges are assumed populated
by convective growth from a lower size. Size-dependent
number flux is given as the product n(L) G(L) and nu-
cleation rate is defined as the number flux at some arbitrary
nuclei size Lo. Thus

B\° = G(Ly) n(Ly) (7)

For G == G(L), n(L) given by an exponential in L and
Ly = 0, this technique leads to the classical MSMPR defi-
nition of nucleation rate.

Method 2
Population changes due to convective number flux are

G
§(nG) = 0 and the birth function, bal-

suppressed. Thus

anced by particle washout and accumulation, is given by
Equation (6) as

B(L) =n [%t")+if] (8)

Nucleation rate is then taken as the sum of all particle
births, namely

By = j; B(L) dL (9)
Even if nucleation occurs over a size range and is de-
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scribed by a birth function B(L), convective growth of
the secondary nuclei must occur in order to populate the
larger size ranges. However, if the growth rate of sec-
ondary nuclei is small and the crystallizer is operated with
a short retention time (both true for this study) then parti-
cle washout and accumulation approximately balance birth
and Equation (9) is a good representation of nucleation
rate.

Both Methods 1 and 2 were used to quantitatively re-
duce the population counts of this study to nucleation and
growth rate B,® and G(L) and nucleation rate B,°, respec-
tively. In addition, growth rates of the macro-sized seed
crystals were calculated from photomicrographs taken
during the run,

As suggested by previous nucleation correlations, these
data were correlated with power-law kinetics of the form

B® = ky exp {ki/T} sk mj* (Re,)* (10)

where the stirring Reynolds number Re; = R.d? p/p was
used to represent changes in agitation level caused by dif-
ferent stirrer RPM’s.

The growth kinetics model of the macro-sized seed crys-
tals considered temperature, supersaturation, size-depen-
dency, and agitation rate. The exponential temperature
term is considered to be an Arrhenius expression for the
surface reaction step of crystal growth, tantamount to
neglecting solute diffusion in the overall growth process.
Ishii (6) and Mullin and Gaska (9) have employed this
exponential form of temperature-dependence in their stud-
ies of the potassium sulfate system.

Power model terms for the supersaturation and size de-
pendence were used. Agitation effects were correlated in
terms of an exponential of the stirring rate exp (kRs).
Thus, the general growth kinetics model used for fitting
growth rate data of the seed crystals was of the form

Gp = kg exp (ki/T) s** (L)% exp (k4Rs)  (11)

Growth rates of the fine-crystal distribution in the 1.3-26
micron-;size range were calculated from Equation (5)
using an iterative technique to obtain G/4L and by sup-
pressing the B(L) term; such values represent a maximum
estimate of the true nuclei growth rate. The size-depen-
dence of the fine-crystal growth rates was found to be
correlated with an equation of the form

G(L) = G, exp {— k/L%} (12)

The parameter G., physically representing the extrapolated
growth rate to infinite size, was then correlated with an
equation of the form

G. = kg exp {ki/T} s* (13)

The parameter k; did not correlate with operating condi-
tions nor did G, correlate with agitation rate.

DATA TREATMENT

A complete description of all analytical techniques for
data reduction is given by Cise (2). Simply, treatment of
the population data of this study involved fitting In n vs.
L data with polynomials of order one through four. These
polynomial relationships were differentiated to obtain slope
values suitable for use in Equations (5) and (6).

The effectiveness of a correlating model was judged by
the value of the square of the correlation coefficient ob-
tained from a library multiple linear regression computer
program. The empirical correlation equation forms, Equa-
tions (10) to (13), were linearized by data fitting in log-
space.

Page 800 July, 1972

FINE-CRYSTAL GROWTH DATA CORRELATION

Linear growth rates in the 1.3-26 micron size range
were determined using Equation (5) with the birth term
B(L) taken as zero, that is, the assumptions of Method 1
data analysis technique. These values represent an upper
bound on growth rate. As B(L) surely approaches zero at
the upper size range of measurement it can be asserted
that growth rate is at least as size-dependent as calculated
by Equation (5). Growth rates of the smaller sizes are un-
doubtedly lower than calculated by this technique. Growth
rate data calculated using Equation (5) from 38 runs
were fitted with Equation (12) and the values of G, were
correlated with Equation (13). A similar model which in-
cluded the stirring rate term was tested with these data;
the statistics indicated that stirring rate had an indiscerni-
ble effect on G,. These data correlated as

G. = exp (13.269) exp (— 4390/T) s°987  (14)

with 2 = 0.425 (log plane), indicating a poor level of
correlation with operating conditions. Values of k were in
the range 2.4 to 5.5 but did not correlate with operating
conditions; however, each individual run correlated well
with the size dependence shown in Equation (12), (typi-
cally, 2 > 0.95).

Figure 2 from (3) shows the extreme size-dependence
of growth rates in the size range studied for typical runs
of this study. The higher growth rates shown in Figure 2
were obtained under conditions of higher supersaturation.
It should be emphasized that the growth rates calculated
represent only an upper asymptotic bound corresponding
to the assumption B(L) = 0. Actual growth rates are, in
fact, lower than the values shown in Figure 2.

SEED-CRYSTAL GROWTH RATE CORRELATION

Average growth rates of seed crystals were obtained
from photographs of the initial and product seed distribu-
tions by dividing the increase in averaged particle equiv-
alent spherical diameter by the total time spent within the
crystallizer. Mean supersaturations were evaluated by
graphical integration of the concentration histories for each
run.

Averaged seed growth rates for 34 runs were obtained
using various fractions of rhombic seeds at various tem-
peratures, supersaturations, and stirring rates. These data
were correlated by the kinetics model of Equation (11).
Correlation statistics showed that stirring rate did not
have an appreciable effect on the fit of the data; thus the
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Fig. 2. Size-dependent growth rates calculated assuming B(L) = 0.
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stirring rate term was deleted. The final form and con-
stants of the correlation yielded the relation

G, = exp (38.755)
exp (— 10725/T) s'930 exp (— 181/L%)

with r2 = 0.954 (log plane).

The functionality of supersaturation is plotted against
supersaturation in Figure 3 for the evaluated models of
Equations (14) and (15), that is, for the fine-crystal and
seed-crystal distributions. Experimental values of F(s)
for the seed-crystal growth rates are plotted to show their
agreement with the predicted values. Although the form
of the temperature, supersaturation, and size dependencies
of growth rate for fine-crystals and seeds were identical,
the specific correlating constants were grossly different,
and fine-crystal growth rates predicted by Equations (12)
and (14) do not extrapolate to the values measured for
the seeds.

Growth rate for the seed crystals (630-1430 microns)
is approximately a function of s%. Mullin and Gaska (9)
reported that potassium sulfate crystals in the 250-2500
micron mean size range grew at a rate proportional to the
square of the supersaturation. Rosen and Hulburt (I14)
reported an identical functionality for the 60-2000 micron
size range. Ishii (6), on the other hand, reported a first-
order supersaturation relationship for potassium sulfate
corresponding to the correlation obtained for G. values.

The activation energy for the growth rate of seeds is
21.3 kcal/g.-mole. Mullin and Gaska (9) reported a value
of 4.3 kcal/g.-mole for their study of potassium sulfate
over a 10° to 50°C temperature range. Ishii (6) reported
an activation energy value of 17.2 kcal/g.-mole for the
same temperature range.

(15)

MAXIMUM PARTICLE FLUX CORRELATION (METHOD 1)

Nucleation rates were calculated by the two methods of
analysis of the population density data described previ-
ously, namely the calculation of the apparent maximum
particle flux by extrapolation of the product of growth rate
times nuclei density, both given by analytical empirical
expressions, to a size close to zero, and the use of a birth
distribution function to account for the appearance of
nuclei at very small sizes while suppressing particle con-
vection due to growth. The particle flux technique
(Method 1) of calculating nucleation rate has been re-
ported in previous work with MSMPR crystallizers (4, 5,
7). Nucleation flux at size zero, as defined by Equation
(7), is conventionally expressed as

B,® = G(0) - n(0) (16)
In this study G(0) as expressed by Equation (12) has
the value of zero. The value for n(0) is usually taken as
the intercept on a semi-log plot of the population density
versus size. Examination of typical distributions from this
study indicates the impossibility of extrapolating such
data. Since B,® clearly goes to zero in the case where
growth rate is given by Equation (12), a maximum ap-
parent flux was calculated from analytical empirical ex-
pressions for n(L) and G(L) and was used as the defini-
tion of particle generation flux B,%. However, nucleation
rates calculated by this technique (Method 1) did not
correlate well with operational conditions (typical 72 cor-
relation coefficients in the range 0.45 to 0.5) and thus
Method 2 (birth distribution technique) was used as a
better quantitative definition of nucleation rate for the
data of this study. However, an attempt to correlate B;°
data to operating conditions was made, with the results
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Fig. 3. Comparison of supersaturation functionalities for growth rate
models of fine-crystal and seed-crystal distributions. Photographi-
cally-determined growth rate data sets of seed crystals are repre-
sented by the circles.

shown below in the kinetic correlation Equations (17) to
(19). Rhombic seeds were used in every case with a com-
mon stirring rate of 515 rev./min., using a 4-bladed im-
peller. Thus, stirring rate was omitted as a factor in the
correlations. Correlations were obtained for the third,
fourth, and fifth moments of the seed distribution. The
resultant relationships are

By® = exp (— 35.555) exp (+ 8536/T) 50786 m;0.849
(17)
for the third moment with 12 = 0.477 (log plane},

B,® = exp (— 36.426) exp (+ 8607/T) s 0347 m,0.671
(18)

for the fourth moment with r? = 0.457 (log plane), and

B, = exp (— 35.928) exp (+ 8545/T) 50831 mj0535
(19)
for the fifth moment with 72 = 0.433 (log plane).

BIRTH DISTRIBUTION CORRELATION (METHOD 2)

The correlation of nucleation kinetics through the use
of a birth distribution function to account for the appear-
ance of nuclei at the small sizes examined by this study
was prompted by the immediate population responses ob-
served in even the larger size particle channels when step
changes of stirring rate were made. Thus, the expected
delay, if the channels were populated by growth from a
lower size, was not observed. The birth distribution func-
tion was assumed to be similar in form to a gamma prob-
ability function. Thus

Le exp (— aL/b)
(1 + a) (b/a)t+te

The gamma distribution was chosen because its value is
zero at L = 0 and, further, this distribution adequately

B(L) = By

(20)
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Fig 4. Comparison of normalized B(L) data from six runs with the
average gamma birth distribution function.

fits the experimental crystal birth data in the size range
studied. It should be pointed out that direct measurements
of the birth function were all made at a size larger than
the mode size b; measurements in a size range containing
the mode will have to be made before the validity of the
gamma birth distribution can be verified or disproved.
Such measurements are beyond the present technology of
particle-size measurement.

Birth function values were calculated according to
Equation (8) and fit to Equation (20). Gamma distribu-
tion fits could be obtained only when a value for the mode
b was specified. Values of b over a wide range were as-
sumed“and the B(L) parameters determined for birth data
between L = 1.26 and 8.0 microns. The best representa-
tion of the data was obtained with b = 0.434 micron, as
given by a maximum value of the correlation coefficient.
The values for the wideness parameter a for 114 data sets
ranged from 0.481 to 0.612 with an average value of
0.542. Equation (20) was integrated and the resultant
total nuclei generation flux B,® determined from each set
of constants.

Typical normalized B(L) data are plotted in Figure 4
as well as the curve representing the gamma distribution
obtained when a = 0.542 and b = 0.434 micron. The
values of B(L) were fitted to a gamma distribution in log
space. The square of the correlation coefficient 2 ranged
in value from 0.957 to 0.990 for the 114 fits performed.
Values of B,? ranged from 960 to 44,500 no./cc.-min.

Values of B,° were correlated with Equation (10) in the
same manner as described for values of B,%. A total of 54
values of B, representing the same runs and times during
each of those runs as used in obtaining correlations (17),
(18), and (19) were first evaluated. The common stirring
rate of 515 rev./min. for all 24 runs excluded stirring rate
as a factor in the correlations. Correlations were made in
terms of the third, fourth, and fifth moments of the seed
distribution as in the case of the B,® values. The resultant
relationships obtained by multiple linear regression of the
data are as follows:

B0 = exp (— 0.139) exp (— 6556/T) %91t my1.-332

(21)
for the third moment with 12 = 0.923 (log plane)

Page 802 July, 1972

By = exp (— 3.703) exp (— 6140/T) 0705 1104
(22)

for the fourth moment with 2 = 0.933 (log plane), and

By® = exp (— 4.507) exp (— 6033/T) §0847 0907
(23)

for the fifth moment with 12 = 0.923 (log plane).

These correlation coefficients indicate that a more con-
sistent fit is obtained with the B,° rather than the B9,
method of data analysis. The effect of supersaturation on
nucleation rate predicted by the B,° correlations, namely
a decrease in nucleation with an increase in supersatura-
tion, is not consistent with the qualitative observations
reported earlier (3). However, this result agrees with the
kinetics reported by Randolph and Rajagopal (12) who
also defined nucleation rate B,® as the product Gn, but in
their case extrapolated to zero size.

A nucleation kinetics model was assumed that had a
form similar to Equation (10). However, this model did
not stipulate the exact seed distribution moment to be
used, that is, the exponents on the total number concentra-
tion No/V and average size of the seed crystals D, were
allowed to vary independently. Effects of RPM were cor-
related with a simple exponent of the stirring rate. Thus

Bo® = kn exp (ki/T) s%2 (Ny/V)¥k Dk Rjks  (24)

Equation (24) was fit to 94 values of B,?, which data in-
cluded 40 B,® values evaluated for 9 runs where the stir-
ring rate was either 455 rev./min or 567 rev./min. with
the 4-bladed impeller. Again all B,® values were for rhom-
bic seed crystals. The resultant fit of these 94 data points
in the above kinetic equation gave the relation

Bo® = exp (— 42.508) exp (6067/T)
50589 (N,/V)1.182 D 4471 R 6137 (95)

with r2 = 0.930 (log plane). The ratio ki/k; = 3.78 is
close to the fourth moment and the ky, ks, k3 values are
also near to those values in Equation (22). Therefore, fur-
ther analysis of the B,? data was based upon the kinetics
model of Equation (10) with the fourth moment specified
as the correlating variable describing the effect of seed size
and magma density.

The final resultant nucleation flux kinetics model that fit
the 94 B,° values based upon rhombic seeds gave

By® = exp (— 65.8)
exp (— 5440/T) 50580 m 1128 (Re,)5™ (26)

with 12 = 0932 in the log plane (linear plane r2 =
0.930). Figure 5 shows a comparison of the experimental
value of B,® with the B,® values calculated with Equation
(26). Variation limits of 30% are indicated by the dashed
lines.

Equation (26) was used to calculate 20 other B,° values
for comparison with 20 B, data points obtained with the
3-bladed impeller, polycrystalline seeds, and a distribution
of rhombic seeds having a much larger than average
length-width ratio. Several estimations were necessary to
make the data applicable to Equation (26). The average
size of the polycrystalline seeds was approximated, using
the mean screen size of the initial seeds and estimation of
mean growth rates by comparison to conditions of similar
rhombic seeds runs. The average sizes for the abnormally
elongated rhombic seed run were calculated from the
photographically determined mean size and a growth rate
based upon similar runs. The stirring rates used for the 3-
bladed impeller were the predetermined 4-bladed impeller
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equivalents based upon power input. Figure 6 shows a
comparison of the experimental By’ values and the B,
values calculated by using Equation (26) for these twenty
data points. Limits of variation of =309, =509, and
+250% are indicated by the dashed lines.

Data points for Runs 729 and 730 shown in Figure 6
were obtained using the 3-bladed impeller. All of the ex-
perimental B,® values for the 3-bladed impeller are larger
than the calculated values from the 4-bladed impeller cor-
relation. The experimental B, values representing Run
730 performed at 740 rev./min. (the power input equiva-
lent of 515 rev./min. with the 4-bladed impeller) are very
close to the values predicted with the 4-bladed impeller
correlation. The experimental B, values for Run 729 per-
formed at 820 rev./min. (equivalent to 567 rev./min. with
the 4-bladed impeller) are all approximately 509 greater
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than the corresponding calculated values. It is apparent
that the two sets of B,® data are reasonably well predicted
by Equation (26) based upon the 4-bladed equivalent
stirring rates; however, the true effect of agitation rate is
probably not given uniquely by power input. B,® values
for each run tend to parallel the 4-bladed impeller correla-
tion line showing that the functionality of the model is
correct. If the trend indicated by the two sets is significant,
a correlation using the impeller tip speed and the number
of blades may prove a better correlating function than
power input itself.

The B,° data shown in Figure 6 for Runs 120, 309, and
331 were obtained using polycrystalline seed crystals. The
B,® values calculated for Run 120 using Equation (26)
are quite low. The run was of long duration {over 5
hours) compared to the other runs and the experimental
values of B’ were based upon population densities ob-
tained approximately 3.5 hours after seeding. The conserv-
ative estimation of seed crystal growth rates probably did
not account for the actual growth during the extended
period of growth experienced by the polycrystalline seeds
in this run. Runs 309 and 331 were of much shorter dura-
tion and the growth estimates for these runs are more
likely to be accurate. In each case the polycrystalline seeds
were approximated by an equivalent sphere for size esti-
mation purposes. Experimental By° values for Runs 309
and 331 are, on the average, two and one-half times larger
than the values calculated with Equation (26). This result
compares well with the observation reported in (3) that
the polycrystalline seed crystals nucleate at a greater rate
than rhombic seed crystals.

Values of By® for Run 128 shown in Figure 6 verify
previous qualitative observations (3). The experimental
B,® values are one-half those predicted by Equation (26)
for the same conditions. Approximately 20<7 of the crys-
tals in the rhombic seed sample used in Run 128 had a
length-width ratio greater than 4. These large crystals
tended to roll along the bottom of the crystallizer rather
than remain suspended in the agitated slurry. Conse-
quently, these large seed crystals did not contribute as
much to the total nucleation rate as their size and mass
might indicate. This observation is consistent with the
concepts of secondary nucleation by collision breeding
mechanisms.

DISCUSSION OF RESULTS

The measured distributions of this study can best be
analyzed by considering solutions of the population bal-
ance, Equation (4), for various assumed forms of the size-
dependent birth and growth functions B(L) and G(L).
Examination of some steady state and simple dynamic
cases can provide insights into interpreting data such as
that illustrated in Figure 1.

Equation (1) predicts that a plot of the log of popula-
tion density versus particle size should be a straight line.
The basic assumptions were steady state operation, con-
stant linear growth rate, no breakage or attrition, clear
liquor feed, and perfect mixing. Figure 7a illustrates such
a population distribution by the dashed line. When growth
rate is size-dependent, increasing with size, a concave up-
ward curved distribution will be obtained. The sol’d line
in Figure 7a shows such a curved population distribution
resulting from a size-dependent growth rate expression
in which the growth rate increases with increasing particle
size, If the growth rate decreases with increasing particle
size, the population distribution plot would be concave
downward rather than concave upward as shown.

The plots in Figure 7a assume a constant density of
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Figure 8a shows the effect of increasing average size of
the gamma-type birth distribution on the population dis-
tribution. The average sizes assumed were 0.5, 1.0, and
2.0 microns. In all three cases the coefficient of variation
of the birth distribution was 0.20. The three curves show
that as size increases to where the size ranges are popu-
lated by growth convection rather than birth, the popula-
tion distribution becomes a straight line parallel and above
N the idealized MSMPR distribution predicted by Equation
(1). Each curve is shifted to the right according to the
magnitude of the mean size of the birth distribution.

Figure 8b illustrates the effect of varying the coefficient
~ of variation of the birth distribution at a mean size of 2.0

N microns. As the coeflicient of variation decreases given
by the i t the distribution rises steeply and
y the innermost curves, es steeply
approaches a straight line parallel to the MSMPR dashed
~] line but shifted to the right by 2.0 microns on the size
Particle Size axis. All of the curves shown in Figure 8 are concave
downward and approach a straight population decay line
as an asymptotic limit. In no case, with size-independent
growth rate, can a steady state birth distribution cause

N
Ne— Constant Linear Growth

Log Population Density

Size-Dependent _
Linear Growth

Fig. 7a. Effects of growth rate on population distribution.

the population distribution to overshoot the final path of
the straight decay section. Thus, a birth distribution by
T - itself cannot induce a concave upward population distri-
\ T — — bution as exhibited by the data of this study (3).
- Silope = (~1/67) B Equation (4) was also solved to study the steady state
f: population distribution resulting from a birth distribution
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Fig. 7b. Effects of time-dependent nucleation rate on population
distribution.
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nuclei of negligible size. For the case where nucleation
rate increases with time, with a constant growth rate, a 0.001
population distribution plot such as that shown by the
solid line in Figure 7b results. The population density of
crystals of zero size formed at any particular time will
decay along a particle characteristic having a slope of
—1/Gr shown as the family of parallel dashed lines, with
the locus of erystal populations of various ages at any
given instant, that is, the current population distribution,
as shown by the solid line. Thus, concave-upward curva-
ture can also be induced in a semilog plot of population
distribution through an ever-increasing time-dependent
nucleation function.

A study of steady state population distributions using
the steady state form of Equation (4) was conducted
to examine the effects of a birth distribution function upon
the overall population distribution. The growth rate was
assumed to be constant and a gamma distribution was as-
sumed for the birth function of secondary nuclei B(L).
Figure 8 demonstrates the effects on the resulting popula-
tion distribution of both the average particle size and the
width of the assumed gamma-type birth distribution. In N
all cases the integral of the birth distribution function 0=z "3 4 5 6 71 6 9 ©
equaled the value of B? used in the population distribution Particle Size, L, microns
of the MSMPR case; this latter distribution appears as Fig. 8b. Effect of gamma birth distribution functions on population
the straight dashed line in Figure 8. distribution. Effect of coefficient of variation.

N

Fig. 8a. Effect of gamma birth distribution functions on population
distribution. Effect of mean size of the distribution.
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function and a size-dependent growth function. These cal-
culations combine the effects shown in Figures 7a and 8
and produced the desired concave-upward population dis-
tribution. No attempt was made to rigorously model the
experimental data due to the impossibility of a priori dis-
tinguishing between the effects produced by different
B(L) and G(L) functions.

GROWTH RATE KINETICS

The most surprising and significant result of the present
study was observation of the extreme size-dependency of
growth rates of the fine crystal distribution as illustrated
in Figure 2. The low growth rates of secondary nuclei and
the erratic and different (relative to seed crystals) de-
pendency of these growth rates on supersaturation exert
a profound influence on the net apparent nucleation kinet-
ics observed in MSMPR studies. This phenomenon is il-
lustrated in the following discussion.

The apparent dependency on supersaturation of the
fine-crystal growth rates were of the form 0% (12 =
0.425) while the seed-crystal growth rates varied as s'9
(2 = 0.954). Only a small fraction of the secondary nuclei
observed would grow to populate the macro-sized product
distribution observed by screen analysis; their low growth
rates indicate that greater than 99 in 100 secondary nuclei
would be washed out of the system before growing to an
appreciable size affecting the product distribution. The
exponential decay rate of population for any size is pro-
portional to 1/Gr and would thus be greatly different for
the fine-crystal and product-sized distributions. Further,
changes in the mean retention time 7 in MSMPR studies
are used to bring about changes in the supersaturation
driving forces s and growth rates G. Thus, different rela-
tive changes in washout rate of the fine-crystals and prod-
uct-sized crystals would be brought about by a given
change in = due to the differing changes in growth at
the new supersaturation level. The number of net surviving
nuclei (apparent MSMPR nuclei) are critically dependent
on the degree of exponential decay of the slow-growing
secondary nuclei. Thus, positive, negative, or zero kinetic
orders of apparent nucleation rate with supersaturation
might be observed, depending on the differing supersatu-
ration dependency of growth rates for the nuclei and
product sizes.

To illustrate, the true dependency of secondary nuclea-
tion (assuming the By® analysis is an adequate representa-
tion of secondary nucleation) for the K»SO, system is of
the order of s°6, yet Rosen and Hulburt (15) and Genck
and Larson (5) report essentially zero-order supersatura-
tion dependency from analysis of MSMPR data. A nega-
tive supersaturation dependency of nucleation is observed
in this study and by Randolph and Rajagopal (12) when
secondary nucleation was interpreted (incorrectly) by the
particle flux technique. This apparent anomaly is ex-
plained as follows. Assume an MSMPR crystallizer
(K3S0,) operating at a given retention time r. Through-
put is then increased (smaller ) forcing supersaturation
to a higher level. The growth rate of secondary nuclei in-
creases approximately as s while the product crystals in-
creases as s%. The net effect is a higher washout rate of
nuclei (relative to product) essentially cancelling the in-
creased secondary nucleation (~ s*®) and yielding zero-
order response of net apparent nucleation rate with super-
saturation,

This phenomenon also explains the observation that re-
tention time (not a state variable) must often be included
in MSMPR kinetic correlations to give an adequate cor-
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relation of the data. Thus, the number of surviving nuclei
depends explicitly on  as well as implicitly on s(7), where
changes in s were brought about by changes in 7. True
nucleation rate should only depend on the state variables
characterizing the magma at any instant.

CSD FROM NUCLEATION CORRELATIONS

The limiting assumption that growth rates were negligi-
ble in the fine-crystal size range was necessary in evaluat-
ing B, as no growth rate model was known or could be in-
dependently determined. It is apparent that growth is not
identically zero as some of the secondary nuclei must
surely survive to populate the larger size ranges. Values
of B;® and B,® are approximations of the nucleation rate,
which approximations are made necessary by the impossi-
bility of determining simultaneously the unknown func-
tions B(L) and G(L). The good correlation coefficients
of By data indicate that this is the better limiting assump-
tion.

If the By® correlation of this study is evaluated at condi-
tions comprising normal crystallizer operation the pre-
dicted nucleation rate is approximately two orders of mag-
nitude greater than that observed from MSMPR data.
Either these excess secondary nuclei are washed out dur-
ing their slow-growth period or the kinetic measurements
of this study are grossly in error. {(The latter case was cer-
tainly not ruled out, but exhaustive checks of background
noise, mixed removal at the size range measured (3), and
instrument calibration revealed that the only possibility
for data errors of this magnitude would be if counts in the
smaller size ranges, giving negligible background noise
when the crystallizer was unseeded, suddenly produced
particle counts in error by two orders of magnitude as sec-
ondary nuclei appeared in the crystallizer discharge.)

The B0 kinetics of this study were evaluated at the
MSMPR conditions of Genck (5) and the amount of sur-
viving nuclei estimated using the (maximum) fine-crystal
growth rate correlation, Equations (12) and (14). The
values of k and G. were taken from a typical run per-
formed in this study (Run 212, 120 minutes); G, was
scaled to the supersaturation of Genck’s experiment ac-
cording to the first-order supersaturation effect predicted
by Equation (14). The effect of size-dependent growth
on the washout rate of nuclei being generated at an origi-
nal rate B, was represented by an exponential decay term
exp(— 7p/r), where 7, is the growth “dead time” and r is
the crystallizer retention time. The growth dead time was
calculated using the fine-crystal growth correlation evalu-
ated at Genck’s conditions and was arbitrarily assumed to
be the time it took for a nuclei particle to grow from the
mode of the gamma birth distribution function, 0.434
micron, to an upper limit of 9 microns (where the drastic
size-dependency of growth rate is greatly diminished and
the birth function becomes negligible). Thus, the cor-
rected nucleation rate B, was defined as

By® = By® exp (— 7p/7) (27)

where the growth dead time is given as
9.0 dL
o= j:).434 G(L)
9.0 1 s
= Do (a-) (g) exp(— k/~/L) dL.  (28)

The supersaturation measured by Genck (5) in his experi-
ment was 3.1 g/, M7 was measured as 0.0142 g/cc and
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the particle retention time was 15 minutes. The nuclei
growth dead time, at the experimental conditions reported
by Genck, was determined to be 168 minutes. This value
is sensitive to the lower size limit (0.434x) but not to the
upper limit (9x). The value of 0.434u is the estimated
mode size and represents a typical secondary nucleus.
The 94 B,° data sets for the rhombic seed runs that were
correlated by Equation (26) were reanalyzed using the
solids concentration, M7 (with units of g/cc for this case),
rather than the fourth seed moment. This correlation was
then evaluated at Genck’s operating temperature of 30°C
and the median stirring rate used in this study of 515 rev./
min. The resultant value of B, obtained in the aforemen-
tioned manner was 208 no./cc.-min. This value was di-
vided by Genck’s reported value of growth rate at zero
size to give a value for the nuclei density ny of 54.9 no./
ce.-micron. Genck reported an ny value of 38.9 no./cc.-
micron obtained by extrapolation of his size distribution
data. Thus, the nucleation rates of this study appear rea-
sonable, when extrapolated to MSMPR conditions, if these
rates are corrected for the washout occurring during the
initial period of slow growth. All size channels in this
study, even those greater than 9 microns, were certainly
populated in less than 168 minutes; however, there was
evidence of direct birth in each size channel measured.

It thus appears that the majority of secondary nuclei,
created in size at the lower end of the size range, are
largely ineffective in populating the product-size ranges.
Certainly, without an accurate and independently mea-
sured growth function G(L), there is no way to quantita-
tively use the secondary nucleation birth kinetics B0, say
as correlated by Equation (26), in rigorous CSD calcula-
tions.

MSMPR-derived kinetic correlations, although repre-
senting only net apparent nucleation rates, remain the
most useful technique for CSD simulation in systems not
far removed from MSMPR operation. True secondary
nucleation kinetics can only be defined from n(L) mea-
surements when the correct form of the size-dependent
functions G(L) and B(L) can be independently measured.

SUMMARY AND CONCLUSIONS

1. Population density data for the potassium sulfate sys-
tem in the 1.3-26 micron size range were analyzed by two
techniques using two limiting assumptions to define sec-
ondary nucleation rates in the system. The limiting as-
sumptions, that nucleation occurs at some lower size and
all size ranges are populated by particle growth or that
nucleation is predominately by direct birth at a size, gave
comparable values for nucleation rate, but values calcu-
lated by the latter technique correlated better with operat-
ing conditions. Both calculational techniques gave nuclea-
tion rates two orders of magnitude in excess of MSMPR
data.

2. Secondary nucleation power-law kinetic models of
the type used to correlate MSMPR nucleation rates were
adequate to correlate these data; the best correlation of
the data (rhombic seed crystals) of this study was

B® = exp (— 65.8) exp (— 5440/T) s%% m,1-126(Re, )58

3. Growth rates of crystals in the 1.3-26 micron size
range are markedly size-dependent, decreasing with de-
creasing size.

4. The very small growth rates of secondary nuclei in-
dicate that most are washed out of the system before
growing to populate the size ranges observed on typical

Page 806 July, 1972

MSMPR studies. Correction for washout gives net nuclea-
tion rates comparable to MSMPR values,

5. For the system studied, the supersaturation depen-
dence of growth rates for secondary nuclei and product-
sized crystals is different. This phenomenon affects the
washout survival rate of fine-crystals relative to product-
crystals and explains the anomalous nucleation-supersatu-
ration dependence reported for potassium sulfate from
MSMPR studies.

6. The quantitative definition and use of secondary nu-
cleation kinetics as developed in this study must await
more refined population measurements at lower sizes as
well as independent measurement of either the particle
birth function B{L) or the crystal growth rate G(L).

ACKNOWLEDGMENT

The authors gratefully acknowledge the support of the
National Science Foundation through grant GK-10551.

NOTATION

B° = net apparent nucleation rate, no./cc.-min.

B® = nucleation rate based on particle flux method,
no./cc.-min.

B = nucleation rate based on integral of birth distri-

bution, no./cc.-min,
B(L) = secondary nuclei birth distribution function, no./
cc.-min.-p

D(L) = crystal breakage function, no./cc.-min.-x

D; = average diameter of seed crystals, p

G = linear crystal growth rate, x/min.

G, = growth rate of seed crystals, x/min.

G. = parameter in fine-crystal growth function, equal
to extrapolated macro-crystal growth rate, u/min.

k, = rate constant in growth rate expression

ky = rate constant in nucleation kinetics expression

L = crystal size, p

My = slurry solids concentration, g./cc.

m; = fth moment about zero of population distribution,

~ D¢N; for narrow seed-crystal distribution
n(L) = crystal population density. no./cc.-p

N; = seed-crystal population, no./cc.

N(L) = crystal population flux, equal to n{L)G(L), no./
cc.-min.

Ry = stirrer RPM

s = solute supersaturation, gm./l.

T = absolute temperature, °K.

t = time, min.

V= crystallizer volume, cc.

T = mean crystallizer retention time, V/Q, min.
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Kinetics and Mechanism of the Epoxidation
of Unsaturated Fatty Acids

A study was made of the epoxidation of octadecenoic acids with peroxy-

benzoic acid in benzene. Activation energies, frequency factors, enthalpies
of activation, entropies of activation, and free energies of activation were
obtained for the following fatty acids: cis-9-octadecenoic acid (oleic), trans-
9-octadecenoic acid (elaidic), 12-hydroxy-cis-9-octadecenoic acid (ricinoleic),
12-hydroxy-trans-9-octadecenoic acid (ricinelaidic), cis-11-octadecenoic acid
(vaccenic), and cis-6-octadecenoic acid (petroselinic). It was observed that
the reaction rate was adversely affected by the proximity of the carboxyl
group, that is, the closer the carboxyl to the reaction site the lower the rate.
A shift from a trans to a cis configuration results in an approximate 50%
increase in reaction rate with a corresponding decrease in free energy of
activation of 260 cal/mol. The effects of isomerism and the replacement of
substituent groups on the reaction rate were generally additive. A mecha-
nism for the peroxydation of octadecenoic acids is proposed.

SCOPE

M. E. ABRAHAM

and R. F. BENENATI
Polytechnic Institute of Brooklyn
Brooklyn, New York

Epoxidation is a controlled reaction of an unsaturated
compound with a relatively mild oxidizing agent to give
an epoxy (oxirane) compound. At the present time, the
peracid most used commercially in epoxidation is peracetic
acid. It is readily prepared from hydrogen peroxide and
glacial acetic acid in the presence of a strong acid catalyst
such as sulfuric acid.

While peracetic acid is the compound of choice com-
mercially, it is difficult to use in making the type of funda-
mental studies reported here because it is unstable in its
pure form. Its tendency to decompose makes analysis dif-
ficult. One cannot be sure whether the disappearance of
the peracid in the course of the study is due to epoxidation
or simple decomposition. As a result, due to its greater
stability perbenzoic acid was chosen for this study. Per-
benzoic acid has the additional advantages that it can be

Correspondence concerning this paper should be addressed to M. E.
Abraham at R. B. MacMullin Associates, Niagara Falls, New York
14303.
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obtained as a pure compound with a minimum of hazard
and tends to react more completely. Consequently, kinetic
data and experiments undertaken to develop mechanistic
information are much more accurate.

The empirical observations of numerous workers con-
cerned with the epoxidation reaction since its discovery
at the turn of the century have pointed out that under
similar experimental conditions the rate of reaction of
olefins with organic peracids is a function of the structure
of the unsaturated compounds. Over the years many at-
tempts were made to explain this behavior. D. Swern in
1947, 1948, and 1953 proposed several theories. In 1953
he suggested a mechanism in which the transition state
would be similar to the so-called “pi complexes.” In 1951
Badger proposed a molecular addition to one of the car-
bons adjacent to the double bond. In 1955 Lynch and
Pausacker said the olefinic bond itself was attacked. Ed-
ward and Cohen in 1960 suggested an ionic or free
radical mechanism for the decomposition of perbenzoic
acid depending on media; while in 1962 and 1963 Toku-
maru et al., proposed a free radical mechanism. Thus, the
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